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Dehn’s fundamental problems and others

Let G be a f. g. group, generated by a finite set Σ = Σ−1 ⊆ G .

Word problem WP(G ): Given w ∈ Σ∗. Question: Is w =G 1?

Conjugacy problem CP(G ): Given v ,w ∈ Σ∗.
Question: v ∼ w , i. e., ∃ z ∈ G such that zvz−1 =G w?

The cyclic subgroup membership problem CSGMP(G ):
Given v ,w ∈ Σ∗.
Question: is w ∈ 〈v〉 (i. e., there is some k ∈ Z with vk =G w)?

The cyclic submonoid membership problem CSMMP(G ):
Given v ,w ∈ Σ∗.
Question: is w ∈G { v }∗ (i. e., there is some k ∈ N with vk =G w)?

The power problem PP(G ): Given v ,w ∈ Σ∗.
Question: is w ∈ 〈v〉? If yes, compute k ∈ Z such that vk =G w .
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Circuit Complexity

Circuit = directed acyclic graph where each vertex is either:

input gates (has only outgoing edges)

Boolean or other gates (and ∧, or ∨, not ¬, Majority having incoming
and outgoing edges)

output gates (only incoming edges)

size = number of gates, depth = longest path from input to output gate

Circuit classes :

AC0 = solved by a family of circuits of constant depth and polynomial
size with unbounded fan-in ¬, ∧, ∨ gates.

TC0 allows additionally majority gates:
Maj(w) = 1 iff |w |1 ≥ |w |0 for w ∈ { 0, 1 }∗.

AC0 $ TC0 ⊆ NC1 ⊆ LOGSPACE ⊆ NC2 ⊆ · · · ⊆ NC ⊆ P
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Word problem of Z

The word problem of Z with generators {+1,−1 } is in TC0.

Use 0 to encode −1 and 1 for 1. Let w ∈ { 0, 1 }∗,

w represents 0 in Z ⇐⇒ |w |1 = |w |0
⇐⇒ Maj(w) ∧ Maj(¬w)

x1 x2 x3 · · · xn

Maj Maj

¬· · ·¬¬¬

∧

output
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Group Theoretic Problems in TC0

Word problem:

Baumslag-Solitar groups BS1,q (Robinson, 1993)

nilpotent groups (Robinson, 1993)

solvable linear groups (König, Lohrey, 2015)

wreath products of the above (this talk)

Conjugacy problem:

BS1,q (Diekert, Miasnikov, W., 2014)

nilpotent groups (Miasnikov, W., 2017)

wreath products of the above (this talk)
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Reductions

For L ⊆ { 0, 1 }∗, AC0(L) (resp. TC0(L)) allows additionally oracle
gates for L (input w ∈ { 0, 1 }∗, output w ∈ L?).

L′ ∈ AC0(L) means L′ is AC0-(Turing-)reducible to L (or L′ ≤AC0

T L).

Every problem in TC0 is AC0-reducible to Majority.
 Majority is TC0-complete.

Also many-one reducibility: ≤AC0

m

The word problem of Z is TC0-complete under AC0-reductions.

WP(G ) ≤AC0

m CSGMP(G ) ≤AC0

T CSMMP(G ) ≤AC0

T PP(G ).

Because:
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m CSGMP(G ) ≤AC0
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w ∈G { v }∗ ⇐⇒ PP(v ,w) ≥ 0
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Wreath products

Definition (Wreath product)

Let A,B be groups, A(B) = { f : B → A | |supp(f )| <∞ } =
⊕

B A.

B acts on A(B): f b(x) = f (xb−1) for b, x ∈ B, f ∈ A(B) (“shift” by b)

A o B is the semi-direct product B n A(B) with this action.

Multiplication: (b, f )(c , g) = (bc, f cg)

for b, c ∈ B and f , g ∈ A(B).

A. Miasnikov, S. Vassileva, A. Weiß Conjugacy in Wreath Products 7/17



Wreath products

Definition (Wreath product)

Let A,B be groups, A(B) = { f : B → A | |supp(f )| <∞ } =
⊕

B A.

B acts on A(B): f b(x) = f (xb−1) for b, x ∈ B, f ∈ A(B) (“shift” by b)

A o B is the semi-direct product B n A(B) with this action.

Multiplication: (b, f )(c , g) = (bc, f cg)

for b, c ∈ B and f , g ∈ A(B).

A. Miasnikov, S. Vassileva, A. Weiß Conjugacy in Wreath Products 7/17



Wreath products

Definition (Wreath product)

Let A,B be groups, A(B) = { f : B → A | |supp(f )| <∞ } =
⊕

B A.

B acts on A(B): f b(x) = f (xb−1) for b, x ∈ B, f ∈ A(B) (“shift” by b)

A o B is the semi-direct product B n A(B) with this action.

Multiplication: (b, f )(c , g) = (bc, f cg)

for b, c ∈ B and f , g ∈ A(B).

A. Miasnikov, S. Vassileva, A. Weiß Conjugacy in Wreath Products 7/17



Wreath products

Definition (Wreath product)

Let A,B be groups, A(B) = { f : B → A | |supp(f )| <∞ } =
⊕

B A.

B acts on A(B): f b(x) = f (xb−1) for b, x ∈ B, f ∈ A(B) (“shift” by b)

A o B is the semi-direct product B n A(B) with this action.

Multiplication: (b, f )(c , g) = (bc, f cg)

for b, c ∈ B and f , g ∈ A(B).

A. Miasnikov, S. Vassileva, A. Weiß Conjugacy in Wreath Products 7/17



Example: the Lamplighter Group

Lamplighter group: Z2 o Z = Z n
⊕

Z Z2.

Elements of the form ( x︸︷︷︸
position of lamplighter

,

lighted positions︷ ︸︸ ︷
{ y1, . . . , yn })

l , r generators of Z (with l = r−1)
a generator of Z2

 { a, l , r } is a generating set of Z2 o Z

(a = (0, { 0 }), r = (1, { }),
l = (−1, { })  elements are words over these generators.

A word over { a, l , r } describes a walk of the lamplighter:

w = arral l lalar rar
( , { }) =

arral l lalar rar

-2 -1 0 1 2 3 4 · · ·· · ·
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Word problem in wreath products

Lemma

Let A and B be f. g. groups. The following is in AC0(WP(A),WP(B)):
On input w ∈ Σ∗, compute (b, f ) ∈ B n A(B) with

w =G (b, f ).

Here f is given as ((b1, a1), . . . , (bn, an)) with supp(f ) = { b1, . . . , bn } and
ai = f (bi ).

Theorem

WP(A o B) ∈ AC0(WP(A),WP(B)).
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Word problem in wreath products

Proof.

Denote πB = projection onto B and let w = w1 · · ·wn ∈ Σ∗ be the input.

Compute b = πB(w) and πB(wi+1 · · ·wn) for all i = 1, . . . , n

Define an equivalence relation ≈ on { 1, . . . , n }:
i ≈ j ⇐⇒ πB(wi+1 · · ·wn) =B πB(wj+1 · · ·wn)

 for all pairs i , j it can be checked in parallel whether i ≈ j using
(n

2

)
oracle gates to WP(B).

Let [i ] denote the equivalence class of i . Set

fi =

{(
πB(wi+1 · · ·wn),

∏
j∈[i ] wj

)
if i = min[i ],

(ε, ε) otherwise.

Replace pairs fi = (bi , ai ) by (ε, ε) whenever ai =A 1
 use n oracle gates for WP(A) in parallel.
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Word problem in iterated wreath products

Definition

Let A and B be groups and d ∈ N,

left-iterated wreath product:

A 1o B = A o B
A d o B = A o (A d−1o B)

right-iterated wreath product:

A o1 B = A o B
A od B = (A od−1 B) o B

Corollary

Let A and B be f. g. abelian groups and let d ∈ N.
Then WP(A od B) and WP(A od B) ∈ TC0.

The word problem of a f. g. free solvable group is in TC0.
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Word problem and Majority depth

Majority depth = maximum number of Majority gates on any path from an
input to an output gate

MajDepth(WP(A o B)) = MajDepth(WP(A)) + MajDepth(WP(B))

Question

Can the word problem of a d-fold iterated wreath product of free abelian
groups be decided in TC0 with majority depth less than d?

A negative answer would imply that TC0 6= NC1.
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Example: Conjugacy in the Lamplighter Group

Lamplighter group: Z2 o Z = Z n
⊕

Z Z2.

In a semi-direct product: (b, f ) ∼ (c , g) implies b ∼ c

 In the lamplighter group we need b = c for (b, f ) ∼ (c , g).

(1, { 1, 2 }) 6∼ (2, { 1, 2 })
But is (2, { 1, 2, 3 }) ∼ (2, { 5 })?

Yes!

What about (4, { 1,3 }) ∼ (4, { 4,5 })?

No!

Conjugate (b,X ) with (x , { }) replaces X by X − x
Conjugate (b,X ) with (0, { x }) replaces X by X 4 { x , x + b }

 can assume X ⊆ { 0, . . . , b − 1 }

0-1 1 2 3 4 5 6 · · ·· · ·
↓
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Conjugacy in wreath products

Theorem

Let A and B be arbitrary f. g. groups. Then,

CP(A o B) ∈ TC0(CP(A),CP(B),PP(B)).

If B is torsion-free, then

CP(A o B) ∈ TC0(CP(A),CP(B),CSMMP(B)).

If A is abelian, then

CP(A o B) ∈ TC0(CP(A),CP(B),CSGMP(B)).
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Conjugacy in iterated wreath products

Theorem

Let β ∈ N and suppose the orders of torsion elements in A are β-smooth.
Then,

PP(A o B) ∈ TC0(PP(A),PP(B)).

Corollary

Let A and B be f. g. abelian groups and let d ∈ N.
Then CP(A od B) and CP(A od B) ∈ TC0.

The conjugacy problem of a f. g. free solvable group is in TC0.
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Open Questions

Is CP(A o B) ∈ TC0(CP(A),CP(B),CSMMP(B)) in general?

Is CSMMP(A o B) ∈ TC0(CSMMP(A),CSMMP(B))?

Thank you!
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